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Gravity from Spinors
C. Wetterich
Institut fu¨r Theoretische Physik, Philosophenweg 16, 69120 Heidelberg, Germany
We investigate a possible unified theory of all interactions which is based only on fundamental spinor
fields. The vielbein and metric arise as composite objects. The effective quantum gravitational
theory can lead to a modification of Einstein’s equations due to the lack of local Lorentz-symmetry.
We explore the generalized gravity with global instead of local Lorentz symmetry in first order
of a systematic derivative expansion. At this level diffeomorphisms and global Lorentz symmetry
allow for two new invariants in the gravitational effective action. The one which arises in the
one loop approximation to spinor gravity is consistent with all present tests of general relativity
and cosmology. This shows that local Lorentz symmetry is tested only very partially by present
observations. In contrast, the second possible new coupling is severely restricted by present solar
system observations.
PACS numbers: 12.10.-g; 04.20.Cv; 11.10.Kk HD-THEP-03-32
I. INTRODUCTION
Can a fundamental theory of all interactions be based
only on spinors? The fermions as crucial constituents of
matter are indeed described by spinor fields. In contrast,
the interactions are mediated by bosons which do not
have the transformation properties of spinors. Any real-
istic spinor theory has therefore to account for the bosons
as bound states. In principle, this poses no problem since
bosons may be composed of an even number of fermions.
In a fundamental theory, however, we need bosons with
very particular properties: the graviton is connected to
the symmetry of general coordinate transformations (dif-
feomorphisms) and the gauge interactions are mediated
by gauge bosons with spin one. Furthermore, scalar fields
are needed in order to achieve the spontaneous breaking
of the electroweak symmetry and possibly also extended
symmetries like grand unified gauge symmetries. This
raises 1 a first challenge: can gravity arise from a spinor
field theory?
Several proposals in this direction have discussed “pre-
geometry” [1] or “metric from matter” [2], inspired by
the observation that the matter fluctuations in a gravi-
tational background field can generate a kinetic term for
the graviton [3]. While the introduction of a diffeomor-
phism invariant action for the spinors is rather straight-
forward [1], the arguments presented in favor of local
Lorentz symmetry are less convincing. The main obsta-
cle is the absence of an object transforming as a spin
connection that could be constructed as a polynomial
of the spinor fields 2. Concentrating on a well defined
1The old question of a fundamental spinor theory has been
discussed in different contexts by De Broglie, Heisenberg and
many others. Here we address more specifically the problem
if gravity can arise from spinors.
2Elements of the Grassmann algebra are polynomials in the
spinor fields and can be classified according to their rank.
Local Lorentz transformations do not change the rank of an
spinor action as a polynomial in the fermionic Grass-
mann variables the models that have been proposed so
far exhibit only global instead of local Lorentz invariance
[6]. Only very recently3 a locally Lorentz invariant poly-
nomial spinor action has been found [7].
In this paper we explore the alternative of a spinor
action that only respects the global and not the local
Lorentz transformations. Then also the gravitational
theory for the vielbein which emerges in this setting will
only exhibit a global Lorentz symmetry. The quantum
fluctuations will lead to a theory with a massless gravi-
ton bound state as well as further massless bosonic exci-
tations which are responsible for a particular form of tor-
sion. We will see that local Lorentz symmetry is actually
not required by observation. A new invariant, generated
by one loop spinor gravity and violating local Lorentz
symmetry, is compatible with all present tests of general
relativity.
Once the graviton can be associated to a bound state
of fermions, the explanation of the other bosonic de-
grees of freedom could follow a well established road. A
higher dimensional gravity theory can induce four dimen-
sional gauge interactions by “spontaneous compactifica-
tion” [8], [9]. The gauge symmetries are then related to
object. A covariant derivative needs a spin connection which
must have rank 0. However, no object of rank 0 with the
requested inhomogeneous transformation properties can be
constructed from spinor polynomials. Neither the limiting
process proposed in [1] nor the covariant derivative suggested
in [2] have a well defined meaning as polynomials in the spinor
fields. In particular, we note that the inverse of the “Grass-
mann matrix” Mαβ = ψαψ¯β does not exist for Grassmann
variables with “spinor index” α, β. We note, however, the
construction of a supersymmetric action with local Lorentz
symmetry in a setting with nonlinear fields, including addi-
tional bosonic fields [4]. Other approaches integrate out a
bosonic connection [5].
3The present work was performed before this finding.
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the isometries of “internal space”. The number of gen-
erations of massless or light fermions is connected to the
“chirality index” [10] which depends on the topology and
symmetries of internal space. A non-vanishing index re-
quires a vanishing higher dimensional mass term for the
fermions [11] and we therefore need an effective higher di-
mensional theory with massless fermions and gravitons.
Both the “constituents” and “bound states” need to be
massless! Finally, the higher dimensional metric also con-
tains four dimensional scalar fields with the properties
required for spontaneous symmetry breaking. Rather re-
alistic models with the gauge interactions of the standard
model, three chiral generations of quarks and leptons,
spontaneous symmetry breaking and an interesting hier-
archical pattern of fermion masses and mixings have been
proposed [12] based on 18 dimensional gravity coupled to
a Majorana-Weyl spinor.
The requirement of a local polynomial spinor action
which is invariant under general coordinate transforma-
tions leads to the proposal [13] of “spinor gravity” as a
possible fundamental theory of all interactions. In the
present accompanying paper we elaborate on this pro-
posal and put it into a somewhat more general context.
In particular, we discuss here the role of the additional
“gravitational” degrees of freedom which are due to the
lack of local Lorentz symmetry. These massless exci-
tations, which have not been discussed previously, lead
to possible modifications of Einstein’s gravity on macro-
scopic scales. Comparison with the present status of ob-
servations will reveal that the usual assumption of lo-
cal Lorentz symmetry is actually very poorly tested. It
is possibly to add to Einstein’s action a new invariant
which preserves global but not local Lorentz symmetry
and which is nevertheless consistent with all present ob-
servations. In this case, the new massless gravitational
degrees of freedom couple only to macroscopic spin. A
second paper 4 [14] will discuss the nonlinear geometrical
structures of our setting.
Fermion bilinears transforming as vector fields under
general coordinate transformations can be obtained from
derivatives, E˜mµ = iψ¯γ
m∂µψ/2 + h.c. Here ψ(x) denotes
Grassmann variables in the spinor representation of the
d-dimensional Lorentz group and we have introduced the
associated Dirac matrices γm such that E˜mµ is a vector
with respect to global Lorentz rotations. 5 From E˜mµ
we can construct a composite operator with the trans-
formation properties of the metric, E˜mµ E˜νm. However,
the action has to be a polynomial in the spinors and no
object transforming as the inverse metric can be used in
order to contract the “lower world indices” connected to
4The content of this second paper was contained in the first
version of the present paper.
5In three dimensions, a similar object can be used to char-
acterize the order parameter of liquid He3 [15].
the derivatives. The only possible choice for a diffeomor-
phism invariant action therefore contracts d derivatives
with the totally antisymmetric tensor ǫµ1...µd . Invariance
under global Lorentz rotations can be achieved similarly
by contraction with ǫm1...md . In consequence, it is in-
deed possible to construct an invariant action as a local
polynomial in the spinor fields and their derivatives
SE = α
∫
ddxdet
(
E˜mµ (x)
)
,
E˜mµ =
i
2
ψ¯γm∂µψ + h.c. . (1)
We emphasize that we have no spin connection at our
disposal. Therefore the bilinear E˜mµ does not transform
as a tensor under local Lorentz transformations. Instead,
its transformation property is characterized by an ad-
ditional inhomogeneous piece involving the derivative of
the Lorentz transformation parameter.
In consequence, the action SE is invariant under global
but not local Lorentz transformations. This is an impor-
tant difference as compared to the standard formulation
of gravity (“Einstein gravity”). We will explore both
the phenomenological and conceptual aspects of this dif-
ference. Actually, the action (1) is not the only invari-
ant with diffeomorphism and global Lorentz symmetry -
other invariants are discussed in [14]. We will see that
the lack of local Lorentz symmetry leads to a generalized
version of gravity.
Within “spinor gravity” the “global vielbein” Emµ (x)
can be associated to the expectation value of the fermion
bilinear E˜mµ (x). As usual the metric obtains then by
contraction with the invariant tensor ηmn which lowers
the Lorentz indices
Emµ (x) = 〈E˜mµ (x)〉 , gµν(x) = Emµ (x)Eνm(x). (2)
On the level of the composite bosonic fields Emµ and gµν
the inverse vielbein and metric Eµm(x) , g
µν(x) are well
defined provided E = det(Emµ ) 6= 0. The field equations
for the vielbein and metric can, at least in principle, be
computed from eq. (1) plus an appropriate regularization
of the functional measure. This approach realizes the
general idea that both geometry and topology can be
associated to the properties of appropriate correlation
functions [16] - in the present case the two point functions
for spinors.
Due to the lack of local Lorentz symmetry the global
vielbein contains additional degrees of freedom that are
not described by the metric. Correspondingly, the ef-
fective theory of gravity will also exhibit new invari-
ants not present in Einstein gravity. These invariants
are consistent with global but not local Lorentz sym-
metry. Indeed, we may use a nonlinear field decompo-
sition Emµ (x) = e
m
µ (x)H
n
m (x) where e
m
µ describes the
usual “local vielbein” and H nm the additional degrees of
freedom. These additional degrees of freedom are mass-
less Goldstone-boson-like excitations due to the sponta-
neous breaking of a global symmetry. In Einstein grav-
ity, H nm would be the gauge degrees of freedom of the
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local Lorentz transformations and therefore drop out of
any invariant action. In contrast, the generalized grav-
ity discussed here will lead to new propagating massless
gravitational degrees of freedom.
Indeed, the kinetic terms for H nm can be inferred from
the most general effective action for the vielbein which
contains two derivatives and is invariant under diffeomor-
phisms and global Lorentz transformations
Γ(2) =
µ
2
∫
ddxE
{
−R+ τA[DµEνmDµEmν
−2DµEνmDνEmµ ] + βADµEµmDνEmν
}
. (3)
Here the curvature scalar R is constructed from the met-
ric gµν which is also used to lower and raise world indices
in the usual way. The covariant derivative Dµ contains
the connection Γ λµν constructed from gµν but no spin
connection. Due to the missing spin connection the last
two terms ∼ τA, βA are invariant under global but not
local Lorentz transformations. They induce the kinetic
term for H nm . The effective action (3), together with
a “cosmological constant” term ∼ ∫ ddxE, constitutes
the first order in a systematic derivative expansion. In
the one loop approximation to spinor gravity one finds
βA = 0.
In this paper we discuss the viability of generalized
gravity [17] in a setting with only global Lorentz sym-
metry. For this purpose we analyze the consequences
of the effective action (3) in four dimensions. In com-
plete analogy to Einstein gravity we discuss the solutions
of the field equations derived from the effective action
(3) in presence of suitable sources associated to an en-
ergy momentum tensor. In principle, the energy momen-
tum tensor contains an antisymmetric part T µνA which re-
flects the presence of anomalous spin interactions for the
fermions. These effects are, however, much too small to
be observable. Then T µνA can be neglected and test par-
ticles couple to the metric in the usual way. We find that
for βA = 0 neither Newtonian gravity nor the isotropic
Schwarzschild or the cosmological Friedman solutions are
modified. This also holds for the emission, propagation
and detection of gravitational waves and for all tests of
general relativity in post-Newtonian gravity. For vanish-
ing βA our generalized gravity is therefore consistent with
all present observations of general relativity! We con-
clude that a violation of local Lorentz symmetry by the
invariant ∼ τA in eq. (3) remains unconstrained experi-
mentally. On the other hand, for βA 6= 0 we find a modi-
fication of the Schwarzschild solution similar to a Jordan-
Brans-Dicke theory [18]: whereas g00 = −B(r) behaves
as usual as B(r) = 1 − rs/r (with rs the Schwarzschild
radius), one obtains grr = A(r) = (1 − γrs/r)−1 where
γ ≈ 1+ βA. This imposes a severe bound |βA| <∼ 5 · 10−5
[19]. In view of this bound the modifications of cosmol-
ogy are too small to be presently observable 6.
This paper is organized as follows. In sect. II we reca-
pitulate the transformation properties of spinor fields and
bilinears and the construction of the polynomial action
(1). The effective bosonic action for fermion bilinears is
formulated in sect. III. This setting describes our ver-
sion of quantum gravity. In sect. IV we start a general
discussion of gravity theories with only global instead of
local Lorentz symmetry. There we classify the possible
invariants with up to two derivatives and formulate the
effective action in first order in a systematic derivative
expansion. In addition to the terms present in Einstein
gravity it contains the two invariants (3) with dimension-
less coefficients τA and βA. The corresponding general-
ized gravitational field equations are derived in sect. V.
In sects. VI and VII we discuss the linear approximation
to the field equations. Beyond the graviton of Einstein
gravity the spectrum of excitations contains a new set of
massless fields described by an antisymmetric tensor field
cµν . However, this field does not couple to the symmetric
part of the energy momentum tensor but rather to the
antisymmetric part which reflects the internal degrees of
freedom of the spinors. We show in sect. VIII that the
new interactions mediated by the exchange of cµν play
no macroscopic role and do not affect the observational
effects of linear gravity. We also establish that the invari-
ant ∼ τA is compatible with all tests of general relativity
in first nonleading order in post-Newtonian gravity.
In the linear approximation one finds for βA 6= 0 also
an additional massless vector field wµ. Again, it couples
only to the antisymmetric part of the energy momen-
tum tensor. More important, a nonvanishing coupling
βA modifies also the linearized equation for the degrees of
freedom contained in the metric - more precisely the cou-
pling of the “conformal factor” σ. In the Newtonian ap-
proximation this effect only renormalizes Newton’s con-
stant. Beyond Newtonian gravity βA 6= 0 affects the tests
of general relativity.
Going beyond the linear and post-Newtonian approx-
imations, we discuss the modifications of the general
isotropic static solution and the homogeneous isotropic
cosmological solution for the full field equations. In
sect. IX we present the generalization of the isotropic
static metric for a gravity theory with only global
Lorentz symmetry. The corresponding modification of
the Schwarzschild solution for βA 6= 0 is discussed in sect.
X. In sect. XI we turn to the most general homogeneous
and isotropic cosmological solution within our setting of
generalized gravity. We find that the solutions of Ein-
stein gravity remain also solutions of generalized gravity
as long as βA = 0. For βA 6= 0 one finds a difference
6Spinor gravity may lead to other long range degrees of free-
dom not contained in Emµ . These could lead to interesting
modifications of gravity like quintessence [20,21].
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in the value of the Planck mass appearing in the cosmo-
logical equations as compared to the one inferred from
the Newtonian approximation. In view of the solar sys-
tem bounds on |βA| this effect is too small in order to be
presently observable. For small enough nonvanishing |βA|
the generalized gravity with only global Lorentz symme-
try obeys all present tests of general relativity. Similar
to the Brans-Dicke theory the model with small nonzero
βA can be used to quantify the experimental precision
of general relativity. It is therefore interesting in its own
right and merits further quantitative studies in the future
- even though spinor gravity may finally result in βA = 0.
In sects. XII and XIII we make a first attempt to
compute the bosonic effective action for spinor gravity.
For this purpose we express the fermionic functional in-
tegral in terms of a “partially bosonized” functional in-
tegral. We briefly explore the classical approximation to
the field equations. In sect. XIII we discuss the general-
ized Dirac operator in an arbitrary “background geom-
etry” Emµ . This defines the one loop approximation to
spinor gravity. One loop spinor gravity only involves the
new invariant ∼ τA that is not restricted by observation.
In our conclusions in sect. XIV we finally discuss the
prospects for spinor gravity as a candidate for a unified
theory of all interactions.
II. INVARIANT SPINOR ACTION
Our basic entities are spinor fields ψ(x) which are
represented by anticommuting Grassmann variables and
transform as irreducible spinor representations under the
d-dimensional Lorentz group SO(1, d− 1)
δLψ = − 1
2
ǫmnΣ
mnψ , Σmn = −1
4
[γm, γn]. (4)
Here the Dirac matrices obey {γm, γn} = 2ηmn, and
Lorentz indices are raised and lowered by ηmn =
ηmn = diag (−1,+1, . . . ,+1). Under d-dimensional gen-
eral coordinate transformations the spinor fields trans-
form as scalars
δξψ = −ξν∂νψ (5)
such that ∂µψ is a vector. Similarly, the spinor fields
ψ¯(x) transforms as
δLψ¯ =
1
2
ψ¯ǫmnΣ
mn , δξψ¯ = −ξν∂νψ¯. (6)
For Majorana spinors in d = 0, 1, 2, 3, 4 mod 8 one has
ψ¯ = ψTC where C obeys 7 (ΣT )mn = −CΣmnC−1. Oth-
erwise ψ¯ may be considered as an independent spinor,
with an involutive mapping between ψ and ψ¯ associated
7For details see [11]
to complex conjugation in spinor space. In even dimen-
sions the irreducible spinors are Weyl spinors obeying
γ¯ψ = ψ with γ¯ = ηγ0 . . . γd−1, η2 = (−1)d/2−1, γ¯2 =
1, γ¯† = γ¯. Majorana-Weyl spinors exist for d = 2 mod 8.
We want to construct an action that is a polynomial in
ψ, ψ¯ and invariant under global Lorentz-transformations
and general coordinate tansformations. Our basic build-
ing block is a spinor bilinear8
E˜mµ =
i
2
(ψ¯γm∂µψ − ∂µψ¯γmψ). (7)
It transforms as a vector under general coordinate trans-
formations
δξE˜
m
µ = −∂µξνE˜mν − ξν∂νE˜mµ , (8)
and as a vector under global Lorentz rotations
δLE˜
m
µ = ǫ
m
nE˜
n
µ . (9)
For irreducible spinors in d = 2, 3, 9 mod 8 one has
ψ¯γmψ = 0 such that E˜mµ = iψ¯γ
m∂µψ. From E˜
m
µ we
can easily construct a composite field transforming like
the metric
g˜µν = E˜
m
µ E˜
n
ν ηmn. (10)
However, no object transforming as the inverse metric
can be constructed as a polynomial in the spinor fields.
The spinor polynomials contain only “lower world in-
dices” µ, ν which are induced by derivatives. The only
possible coordinate invariant polynomial must therefore
involve precisely d derivatives, contracted with the totally
antisymmetric ǫ-tensor. In particular, the scalar density
E˜ = det(E˜mµ ) can be written as a spinor polynomial
E˜ =
1
d!
ǫµ1...µdǫm1...mdE˜
m1
µ1 . . . E˜
md
µd = det(E˜
m
µ ). (11)
Therefore a possible invariant action reads
SE = α
∫
ddxE˜. (12)
It involves d derivatives and 2d powers of ψ. We note
that the ways to construct invariants are restricted by
the absence of objects transforming as the inverse met-
ric or the inverse vielbein. All invariants contain ǫµ1...µd
where the indices µ1 . . . µd have to be contracted with
derivatives. On the other hand, the construction of in-
variants with respect to the global Lorentz symmetry is
not unique [14] since we have the invariant tensor ηmn
and spinor bilinears not involving derivatives at our dis-
posal.
8In [14] we generalize this construction to an bilinear E˜mµ =
iψ¯γm∂µψ that is not necessarily hermitean.
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With respect to local Lorentz transformations δLE˜
m
µ
acquires additional inhomogeneous pieces. In fact, if
ǫmn(x) depends on the spacetime coordinate one has
δLE˜
m
µ = ǫ
m
nE˜
n
µ +
(
i
8
ψ¯γ[mnp]ψ∂µǫnp
+
i
4
ψ¯γnψ∂µǫm n + h.c.
)
(13)
with γ[mnp] the totally antisymmetrized product of three
γm-matrices, γ[mnp] = 16 (γ
mγnγp − γmγpγn + . . .). The
piece∼ ψ¯γnψ drops out - recall that for Majorana spinors
in d = 2, 3, 9mod 8 the antisymmetry under the exchange
of Grassmann variables implies ψ¯γnψ = 0 [11]. The piece
∼ ψ¯γ[mnp]ψ remains, however. In consequence, the ac-
tion SE is only invariant under global Lorentz rotations,
but not local Lorentz rotations. Two spinor configura-
tions related to each other by a local Lorentz transforma-
tion are not equivalent to each other9.
III. BOSONIC EFFECTIVE ACTION
In order to construct the quantum effective action
for our model with classical action (12) we introduce
fermionic sources η¯ and bosonic sources Jµm. The
fermionic sources are Grassmann variables transforming
as
δLη¯ =
1
2
η¯ǫmnΣ
mn , δξη¯ = −ξν∂ν η¯ − (∂νξν)η¯ (14)
such that Sη = −
∫
ddxη¯ψ is invariant. The bosonic
sources multiply the fermion bilinear E˜mµ . With the vec-
tor density Jµm transforming as
δLJ
µ
n = −Jµmǫmn
δξJ
µ
m = −∂ν(ξνJµm) + ∂νξµJνm (15)
the source term
SJ = −
∫
ddxJµmE˜
m
µ (16)
is again invariant. The generating functional 10
9On the level of E˜mµ one may formualte a “new” local Lorentz
transformation by using the transformation rule (9) instead
of (13) such that SE is invariant. However, this transforma-
tion cannot be formulated on the level of ψ. Since the trans-
formtion of the functional measure is not defined the effective
gravitational action will not obey such a symmetry.
10For d = 5, 6, 7 mod 8 we have to use a spinor ψ¯ not related
to ψ by ψ¯ = ψTC. One should therefore use sources η¯ and
η multiplying ψ and ψ¯ and a functional measure involving ψ
and ψ¯.
W [η¯, J ] = lnZ[η¯, J ] = ln
∫
Dψ exp
{
− (S + Sη + SJ)
}
(17)
is therefore an invariant functional of η¯ and J provided
that the functional measure
∫
Dψ is free of anomalies.
The “vielbein” is now defined as the expectation value of
E˜mµ
δW
δJµm
= Emµ = 〈E˜mµ 〉 =
i
2
〈ψ¯γm∂µψ − ∂µψ¯γmψ〉. (18)
We use the symbol Emµ instead of the usual e
m
µ in order to
recall that Emµ does not transform as a vector under local
Lorentz transformations. We omit here 11 the fermionic
sources η¯ such thatW is only a functional of J . Also Emµ
depends on J . The effective action 12 for the vielbein is
constructed by the usual Legendre transform
Γ[Emµ ] = −W [Jµm] +
∫
ddxJµmE
m
µ (19)
where Jµm[E
n
ν ] obtains by inverting eq. (18). It obeys the
identity
δΓ
δEmµ
= Jµm. (20)
If W is an invariant functional of J we conclude that Γ
is an invariant functional of the vielbein Emµ .
Eq. (20) is the exact gravitational field equation for the
quantum field theory defined by SE and an appropriate
functional measure Dψ. In presence of non-gravitational
degrees of freedom the “physical” source Jµm should be
associated to the energy momentum tensor defined by
T µν = E−1EmµJνm. (21)
For example, the energy momentum tensor receives con-
tributions from the spinor fields as well as other possible
bosonic composite fields beyond the vielbein. If the four
dimensional effective action is obtained by dimensional
reduction from a higher dimensional theory, the source
Jµm also accounts for the gauge bosons and scalars which
arise from the higher dimensional bosonic fields. If we
collect all contributions to the effective action involving
fields other than the vielbein in Γ′ we can formally write
Jµm = −〈δΓ′/δEmµ 〉, where the bracket indicates that Jµm
11The fermionic part of the effective action is discussed in
[14].
12The sources J can be generalized to multiply arbitrary
fermion bilinears. The “bosonic effective action” Γ [22] con-
tains then all information about the correlation functions of
the system. It can formally be obtained as the sum over two
particle irreducible graphs [23].
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has to be evaluated for the given physical state 13. For ex-
ample, Jµm may account for the presence of a macroscopic
massive object or for a relativistic plasma in cosmology.
This setting is completely analogous to the treatment of
standard gravity. As usual in gravity we define 14 the
metric by
gµν = E
m
µ Eνm. (22)
We next show that for most practical purposes T µν can
be identified with the usual energy momentum tensor.
Consider first the effective action Γ′0 for fields with triv-
ial Lorentz-transformation properties as scalars or gauge
bosons (i.e. fields carrying only “world indices” µ, ν and
no spinor or Lorentz index). Then the dependence of Γ′
on the gravitational degrees of freedom arises only via
the metric
Γ′0[E
m
µ ] = Γ
′
0
[
gνρ[E
m
µ ]
]
. (23)
In particular, this holds for structureless point particles.
In standard gravity the energy momentum tensor T µν(g) is
defined as
T µν(g) = −
2√
g
δΓ′0
δgµν
. (24)
Using the definition (21) we find
T µν = −E−1Emµ δΓ
′
0
δgρσ
δgρσ
δEmν
= T µν(g) (25)
and conclude that T µν is symmetric and coincides indeed
with the standard energy momentum tensor.
One may object that the situation is different for fields
with non-trivial Lorentz-transformation properties as, for
example, spinors. Then the gravitational couplings can
typically not be written only in terms of the metric but
involve explicitely the vielbein. We will discuss in sect.
VIII that the fermion contribution to the energy momen-
tum tensor involves an antisymmetric part [13,14] pro-
portional to the spin. Nevertheless, for standard macro-
scopic gravitational sources the spin averages out and
only the symmetric part of T µν needs to be retained 15.
For stars, dust and radiation we can write the gravita-
tional field equation in terms of the usual energy momen-
tum tensor
13For the formal construction one introduces the sources Jµm
only as technical devices and puts them to zero at the end of
the computation. However, one has to compute Γ + Γ′ with
field equation δΓ/δEµm + δΓ
′/δEµm = 0. The piece from the
variation of Γ′ can then be reinterpreted as a nonvanishing
“physical source”.
14In principle, gµν differs from the fermionic four point func-
tion 〈g˜µν〉 (cf. eq. (10)).
15Note that orbital angular momentum does not contribute
to the antisymmetric part of T µν .
δΓ
δEmµ
= EEρmT
ρµ
(g). (26)
Similar considerations hold for test particles used to
probe the gravitational fields generated by other bodies.
The action for photons depends only on the metric - their
trajectory can therefore be computed as usual once gµν
is known. Similarly, macroscopic test particles follow the
geodesics defined by gµν . Throughout this paper we will
assume that gravity is tested by point particles or light.
Testable differences between our setting and Einstein’s
gravity can therefore only result from possible differences
of the solutions of the field equation (26) as compared to
the Einstein equations.
At this point we would like to stress that a success-
ful computation of Γ[Emµ ] (together with T
µν or Γ′) is
equivalent to a well defined theory of quantum gravity.
The gravitational field equation (20) includes all quan-
tum fluctuations. Also the motion of test particles can
directly be inferred from Γ′. The difficult part is, of
course, the computation of Γ. In particular, this requires
a well defined functional measure Dψ which preserves
diffeomorphisms and global Lorentz symmetry.
IV. SYMMETRIES AND INVARIANTS
We will make a first attempt to a very approximate
computation of Γ[Emµ ] in sects. XII, XIII. Before, we
want to exploit the general structure of the effective ac-
tion, in particular the symmetries. This will allow us a
first judgment if a theory with only global Lorentz sym-
metry is viable at all. Perhaps surprisingly, we find a new
diffeomorphism invariant involving second derivatives of
the vielbein which seems compatible with all present tests
of gravity. This invariant respects global but not local
Lorentz symmetry. We conclude that the local charac-
ter of the Lorentz symmetry is only very partially tested
- an invariant violating the local symmetry seems to be
allowed and remains essentially unconstrained. On the
other hand, we also discuss a second global invariant
which modifies post-Newtonian gravity. Its coefficient
is severely constrained.
In sects. IV-XI we discuss the properties of a general-
ized version of gravity which features only global instead
of local Lorentz invariance. We discuss the most general
setting consistent with these symmetries. Within spinor
gravity this generalizes the action (12) to an arbitrary
polynomial action for spinors with invariance under gen-
eral coordinate and global Lorentz transformations. (See
[14] for a discussion of possible invariants.) Our discus-
sion will be based purely on symmetry and a derivative
expansion of the effective action. It is therefore more gen-
eral than the specific one loop approximation discussed
in [13]. The only assumption entering implicitely the fol-
lowing discussion is that the functional measure preserves
diffeomorphism and global Lorentz symmetry, being free
of anomalies [24].
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In the following we will mainly concentrate on four di-
mensions, d = 4. This permits a direct comparison of
the solution of our generalized gravitational field equa-
tion (26) with observation. Embedding the four dimen-
sional effective theory in a more fundamental higher di-
mensional theory we only assume that the “ground state”
properties of “internal space” are consistent with the four
dimensional diffeomorphisms and global Lorentz rota-
tions. Other details are not important for our discussion
of the purely gravitational part. Of course, there could be
additional light degrees of freedom influencing cosmology
or the macroscopic laws, like the cosmon of quintessence
[20].
Let us therefore discuss the most general structure of
a “gravitational” effective action which involves the viel-
bein Emµ and is invariant under diffeomorphisms and the
global Lorentz symmetry. The characteristic mass scale
will be the Planck mass. For macroscopic phenomena
on length and time scales much larger than the Planck
length we can expand Γ[Emµ ] in the number of derivatives.
For a given number of derivatives Γ can be composed of
terms that are each invariant under general coordinate
transformations and global Lorentz rotations. As com-
pared to Einstein’s gravity we will find new invariants
which involve the new “physical” degrees of freedom in
Emµ not described by the metric.
In lowest order in the derivative expansion the unique
invariant is (E = detEmµ , g = | det gµν | = E2)
Γ1 =
∫
ddxE = ±
∫
ddx
√
g. (27)
In four dimensions this is a cosmological constant. In
the following we will assume that some mechanism makes
the effective cosmologocal constant very small - for exam-
ple the dynamical mechanism proposed for quintessence
[20], [21]. We mainly will discard this term for the fol-
lowing phenomenological discussion. This is, of course, a
highly nontrivial assumption, meaning that spinor grav-
ity admits an (almost) static solution with large three-
dimensional characteristic length scale (at least the size
of the horizon).
For the construction of invariants involving derivatives
of Emµ we can employ the antisymmetric tensor
Ω mµν = −
1
2
(∂µE
m
ν − ∂νEmµ ). (28)
Let us first look for possible polynomials in Emµ and Ω
m
µν .
We will concentrate on even dimensions where we need an
even power of Ω mµν because of global Lorentz invariance.
Any polynomial invariant with two derivatives must be
of the form
Γ2,p=
∫
ddxΩ n1µ1µ2 Ω
n2
µ3µ4
Em5µ5 . . . E
md
µd
ǫµ1...µdAn1n2m5...md (29)
where A should be constructed from η and ǫ-tensors and
has to be symmetric in (n1, n2) and totally antisymmetric
in (m5 . . .md). Only for d = 4 we can take An1n2 = ηn1n2
whereas no polynomial two-derivative invariant exists for
d > 4. (The polynomial invariant generalizing (29) in d-
dimensions involves d/2 factors of Ω and therefore d/2
derivatives of Emµ .) We observe that Γ2,p contains only
one ǫ-tensor and therefore violates parity. We will assume
that the gravitational effective action preserves parity,
at least to a very good approximation, and discard the
polynomial invariant (29).
There is, however, no strong reason why the effective
action should be a polynomial in Emµ . Whenever E 6= 0
we can construct the inverse vielbein
Eµ1m1 =
1
(d− 1)!E ǫ
µ1...µdǫm1...mdE
m2
µ2 . . . E
md
µd
=
1
E
∂E
∂Em1µ1
(30)
which obeys Emµ E
ν
m = δ
ν
µ , E
µ
mE
n
µ = δ
n
m. This allows us
to define the inverse metric
gµν = EµmE
mν , gµνgνρ = δ
µ
ρ (31)
which can be used to raise world indices, e.g.
Ωµνm = ηmng
µρgνσΩ nρσ . (32)
We conclude that non-polynomial invariants exist in arbi-
trary dimensions. They are well defined as long as E 6= 0
and may become singular in the limit E → 0. Within
spinor gravity the nonpolynomial invariants are induced
by the fluctuation (or loop) effects [13].
On the level of two derivatives three linearly indepen-
dent non-polynomial invariants are given by
Γ2,1 =
∫
ddxEΩ µνmΩ
m
µν (33)
Γ2,2 =
1
2
∫
ddxE(DµE
µ
m)(D
νEmν )
Γ2,3 =
1
4
∫
ddxE(DµEνm +D
νEµm)(DµE
m
ν +DνE
m
µ ).
For the latter two invariants we introduce the covariant
derivative
DµE
m
ν = ∂µE
m
ν − Γ λµν Emλ ,
DµE
ν
m = ∂µE
ν
m + Γ
ν
µλE
λ
m (34)
where the affine connection involves the inverse metric
Γ λµν =
1
2
gλρ(∂µgνρ + ∂νgµρ − ∂ρgµν). (35)
We emphasize that the covariant derivative acting on Emµ
does not contain a spin connection sincem is only a global
Lorentz index. Using the relations (22), (30) the connec-
tion can be expressed in terms of Emµ in a non-polynomial
way. For d 6= 4, or requesting parity invariance, there
are no more independent invariants in this order of the
derivative expansion.
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The most general invariant bosonic effective action
involving up to two derivatives of the vielbein can
therefore be written as a linear combination of Γ0 and
Γ2,1,Γ2,2,Γ2,3. As a convenient parameterization we use
Γ = ǫΓ0 + µ(I1 + τAI2 + βAI3) (36)
with
I1 =
1
2
∫
ddxE{DµEνmDνEmµ −DµEµmDνEmν } (37)
I2 =
1
2
∫
ddxE{DµEνmDµEmν − 2DµEνmDνEmµ } (38)
I3 =
1
2
∫
ddxEDµE
µ
mD
νEmν . (39)
We will see that µ determines the effective Planck mass.
This is most apparent if we rescale Emµ by an arbitrary
unit of mass m in order to make the vielbein and the
metric dimensionless, Emµ = mE¯
m
µ . This replaces ǫ →
ǫ¯ = ǫmd , µ→ µ¯ = µmd−2. The precise relation between
µ and Newton’s constant will be given in sect. VII. In
the following we will assume that this rescaling has been
done and omit the bars on Emµ , µ, and ǫ such that µ
and ǫ have dimension massd−2 and massd, respectively.
The remaining two dimensionless parameters τA and βA
account for possible deviations from Einstein’s gravity.
We will find that tight observational bounds exist only
for the parameter βA. It is therefore very interesting that
the one loop contribution to βA vanishes [13].
We close this section by noting that the three invari-
ants can also be interpreted in terms of torsion. Indeed,
we may define a different connection Γ˜ λµν and a new co-
variant derivative D˜µ such that the vielbein is covariantly
conserved
D˜µE
m
ν = ∂µE
m
ν − Γ˜ λµν Emλ = 0. (40)
This fixes the connection as16
Γ˜ λµν = (∂µE
m
ν )E
λ
m (41)
and comparison with eq. (34) identifies 17 the contorsion
EλmDµE
m
ν = Γ˜
λ
µν − Γ λµν = L λµν . (42)
16This connection is often called Weizenbo¨ck connection and
dsicussed in the context of teleparallel theories [25]. We stress,
however, that the usual teleparallel theories are equivalent
reformulations of Einstein’s gravity, in contrast to the present
work.
17Since the l.h.s. of eq. (42) is a tensor this shows that Γ˜µν
λ
indeed transforms as a connection under general coordinate
transformations. Of course, this can also be checked by direct
computation from the analogue of eq. (8).
We note that the antisymmetric part of Γ˜ λµν is the tor-
sion tensor 18
Γ˜ λµν − Γ˜ λνµ = −2Ω mµν Eλm = T λµν . (43)
For the invariant I3 we observe the identity
DµEmµ = (Γ˜
µλ
µ − Γ µλµ )Emλ . (44)
Since eq. (40) implies the existence of d covariantly con-
served vector fields the connection Γ˜ (41) is curvature
free.
V. CURVATURE SCALAR AND FIELD
EQUATIONS
Of course, the usual curvature scalar R can be con-
structed from the metric gµν and the connection Γ such
that R[gµν ] is invariant. With gµν [E
m
ρ ] given by eq. (22)
this yields another invariant involving two derivatives of
the vielbein, namely
Γ2,R =
∫
ddxE R
[
gµν [E
m
ρ ]
]
. (45)
The invariants (33)(45) are not linearly independent,
however:
Γ2,1 − Γ2,3 = −2Γ2,2 + Γ2,R , Γ2,R = −2I1. (46)
This follows by partial integration and use of the com-
mutator identity for two covariant derivatives
[Dρ, Dσ]E
m
µ = R
ν
ρσµ E
m
ν . (47)
For practical computational purposes it is sometimes
convenient to use an alternative parameterization of Γ
with Γ2,R,Γ2,1 and Γ2,2 as independent invariants. We
may rewrite the effective action in the form
Γ = ǫΓ0 − δΓ2,R + ζΓ2,1 + ξΓ2,2 (48)
where
ζ = τAµ , ξ = (βA − τA)µ , δ = 1
2
(1− τA)µ. (49)
In analogy to the Einstein-equation we can then write
the field equation in absence of sources in the form
2δ
(
Rµν − 1
2
Rgµν
)
= Tˆµν − ǫgµν . (50)
Here the contribution from the invariants Γ2,1 and Γ2,2
is formally written as a part of the energy momentum
tensor
18In ref. [17] the torsion tensor Tµνρ is denoted by Rµνρ
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Tˆµν = ζ{4ΩµρmΩ ρmν − 2(DρΩρ νm)Emµ − Ω mσρ Ωσρmgµν}
+ξ{Eσm∂σ(DρEmρ )gµν − ∂µ(DρEmρ )Eνm
+
1
2
DσEmσ D
ρEρmgµν}. (51)
Details of the derivation of Tˆµν can be found in the ap-
pendix A. The tensor Tˆµν can be decomposed into a sym-
metric and antisymmetric part
Tˆµν = Tˆ
(s)
µν + Tˆ
(a)
µν (52)
and the field equation (50) implies that the antisymmet-
ric part must vanish in the absence of sources
Tˆ (a)µν =
1
2
(Tˆµν − Tˆνµ) = 0. (53)
Due to the Bianchi identity the symmetric part is conva-
riantly conserved
Dν Tˆ
(s)µν = 0. (54)
We note that Tˆµν can contain a piece proportional to
the Einstein tensor Rµν − 12Rgµν . The definition of the
“gravitational energy momentum tensor” Tˆµν is therefore
not unique and eq. (51) should be considered as a formal
tool. In particular, for τA 6= 0 the coefficient 2δ should
not be associated with the Planck mass which is rather
related to µ. If one chooses to collect the gravitational
effects beyond Einstein gravity in a gravitational energy
momentum tensor a better definition would collect the
pieces from I2, I3 instead of Γ2,1,Γ2,2. This subtracts
from Tˆµν (51) a piece (2δ − µ)(Rµν − 12Rgµν). In pres-
ence of matter fluctuations (i.e. from the spinor fields)
or expectation values of composite fields beyond the viel-
bein the energy momentum tensor will receive additional
contributions, Tˆµν → Tˆµν + Tµν .
VI. LINEARIZED GRAVITY
In the next sections we will study the possible phe-
nomenological consequences of the generalized gravity
(36). We start the investigation of possible observable
effects with a discussion of weak gravity. This will also
reveal the “particle content” of this theory. The spec-
trum of small fluctuations around flat space can be inves-
tigated by linearization (for vanishing cosmological con-
stant ǫ = 0). In the linear approximation we write
Emµ = δ
m
µ + δE
m
µ , E
µ
m = δ
µ
m + δE
µ
m ,
δEµ
m =
1
2
kµνη
νm =
1
2
(hµν + aµν)η
νm
δE µm = −
1
2
(hρν + aρν)δ
ρ
mη
νµ (55)
with symmetric and antisymmetric parts
hµν = hνµ , aµν = −aνµ (56)
and
gµν = ηµν + hµν . (57)
In this and in the next two sections we raise and lower
the indices of hµν and aµν with η
µν , ηµν such that
δE µm = −
1
2
ηmρ(h
ρµ + aρµ) ,
gµν = ηµν − hµν . (58)
We observe that the antisymmetric fluctuation aµν does
not contribute to the fluctuation of the metric. In linear
order one finds
Ω mµν = −
1
4
ηρm(∂µhνρ − ∂νhµρ + ∂µaνρ − ∂νaµρ) (59)
DµEmµ =
1
2
ηρm(∂µaµρ − ∂µhµρ + ∂ρhµµ) (60)
and the invariants in quadratic order therefore read
Γ2,1 =
1
8
∫
ddx{∂µaνρ∂µaνρ − ∂µaνρ∂νaµρ
−2∂µhνρ∂νaµρ + ∂µhνρ∂µhνρ − ∂µhνρ∂νhµρ} (61)
and
Γ2,2 =
1
8
∫
ddx(∂µa
µρ − ∂µhµρ + ∂ρhµµ)
(∂νaνρ − ∂νhνρ + ∂ρhνν). (62)
We next decompose hµν and aµν in orthogonal irre-
ducible representations of the Poincare group
hµν =
4∑
k=1
h(k)µν =
4∑
k=1
(P k)ρσµνhρσ ,
aµν =
2∑
l=1
a(l)µν =
2∑
l=1
(P¯ l)ρσµνaρσ. (63)
Here (∂2 = ηρσ∂ρ∂σ)
h(1)µν = bµν , h
(2)
µν =
1
d− 1
(
ηµν − ∂µ∂ν
∂2
)
σ ,
h(3)µν =
∂µ∂ν
∂2
f , h(4)µν = ∂µvν + ∂νvµ ,
a(1)µν = cµν , a
(2)
µν = ∂µ(vν + wν)− ∂ν(vµ + wµ) (64)
obey the constraints
∂µb
µν = 0 , ηµνbµν = 0 ,
∂µv
µ = 0 , ∂µc
µν = 0 , ∂µw
µ = 0 (65)
such that
hµµ = σ + f , ∂µh
µν = ∂2vν + ∂νf,
∂µ∂νh
µν = ∂2f , ∂µa
µν = ∂2(vν + wν). (66)
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This yields the effective action (36) in quadratic order
(ǫ = 0)
Γ =
µ
8
∫
ddx
{
∂µbνρ∂µbνρ −
(
d− 2
d− 1 − βA
)
∂µσ∂µσ
+τA∂
µcνρ∂µcνρ + βA∂
2wµ∂2wµ
}
. (67)
We observe that f and vµ are pure gauge degrees of
freedom and do not appear in Γ. In addition to the usual
metric degrees of freedom bµν and σ spinor gravity con-
tains the new massless fields cµν and wµ. In presence of
a local Lorentz symmetry (as in the usual setting) cµν
and wµ would be the gauge degrees of freedom of the
local Lorentz group. Here they rather have the char-
acter of Goldstone degrees of freedom associated to the
spontaneous breaking of the global Lorentz symmetry.
In fact, the vielbein of a flat ground state, Emµ = δ
m
µ ,
spontaneously breaks the global rotations acting on the
index m. It remains invariant, however, under a com-
bined global Lorentz transformation and coordinate ro-
tation, the latter acting on the index µ. We note that for
βA = 0 the only modification of standard gravity would
be the additional antisymmetry field cµν . This leads to
the speculation that within spinor gravity the field wµ
could correspond to the gauge degree of freedom of a yet
unidentified, perhaps nonlinear symmetry. We will see
that the coupling τA is not restricted by present obser-
vation.
VII. LINEARIZED FIELD EQUATIONS
For the derivation of the field equations it is useful
to write the effective action (67) in a form which uses
explicitely the projectors. Defining kµν = hµν + aµν ,
k
(k)
µν = h
(k)
µν for k = 1 . . . 4 , k
(5)
µν = a
(1)
µν , k
(6)
µν = a
(2)
µν and
correspondingly P 5 = P¯ 1 , P 6 = P¯ 2 one finds
Γ = −µ
8
kµν∂2(
6∑
k=1
AkP
k)ρσµνkρσ (68)
with
A1 = 1 , A2 = −(d− 2) + (d− 1)βA ,
A4 = 0 , A5 = τA. (69)
The projectors
P 1 =
1
2
(δρµδ
σ
ν + δ
σ
µδ
ρ
ν)−
1
d− 1ηµνη
ρσ
−1
2
(
∂µ∂
ρ
∂2
δσν +
∂ν∂
ρ
∂2
δσµ +
∂µ∂
σ
∂2
δρν +
∂ν∂
σ
∂2
δρµ
)
+
1
d− 1
(
∂µ∂ν
∂2
ηρσ +
∂ρ∂σ
∂2
ηµν
)
+
d− 2
d− 1
∂µ∂ν∂
ρ∂σ
∂4
,
P 2 =
1
d− 1
(
ηµν − ∂µ∂ν
∂2
)(
ηρσ − ∂
ρ∂σ
∂2
)
,
P 3 =
∂µ∂ν∂
ρ∂σ
∂4
,
P 4 =
1
2
(
∂µ∂
ρ
∂2
δσν +
∂ν∂
ρ
∂2
δσµ +
∂µ∂
σ
∂2
δρν +
∂ν∂
σ
∂2
δρµ
)
−2∂µ∂ν∂
ρ∂σ
∂4
,
P 5 =
1
2
(
∂µ∂
ρ
∂2
δσν −
∂ν∂
ρ
∂2
δσµ −
∂µ∂
σ
∂2
δρν +
∂ν∂
σ
∂2
δρµ
)
,
P 6 =
1
2
(
δρµδ
σ
ν − δσµδρν
)− P5 (70)
obey (P k)2 = P k and are orthogonal P jP k = 0 for j 6= k.
In order to derive the linear field equations in presence
of sources - e.g. matter concentrations - we add to Γ a
term involving the symmetric energy-momentum tensor
Tµν = Tνµ of matter and radiation
ΓM = −1
2
∫
ddxhµνTµν = −1
2
∫
ddxhµνT
µν (71)
= −1
2
∫
ddx
{
bµν
(
T µν − 1
d− 1T
ρ
ρ η
µν
+
1
d− 1
∂µ∂ν
∂2
T ρρ
)
+
1
d− 1σT
ρ
ρ
}
.
Here we have used the linear energy momentum conser-
vation ∂µT
µν = 0 for the last line. We will motivate in
the next section the omission of the antisymmetric part
of Tµν in more detail.
The field equations follow from the variation of Γ+ΓM ,
eqs. (69), (71)
−∂2
∑
k
Ak(P
k)ρσµνkρσ =
2
µ
Tµν . (72)
It can be projected on the irreducible representations
−∂2Akk(k)µν =
2
µ
(Pk)
ρσ
µνTρσ (73)
where we note (Pk)
ρσ
µνTρσ = 0 for k = 3, 4, 5, 6 due to the
symmetry of Tµν and ∂µT
µν = 0. This yields
−∂2h(1)µν =
2
A1µ
(
Tµν − 1
d− 1T
ρ
ρ ηµν +
1
d− 1
∂µ∂ν
∂2
T ρρ
)
−∂2h(2)µν =
2
A2(d− 1)µ
(
ηµν − ∂µ∂ν
∂2
)
T ρρ (74)
in accordance 19 with a variation of eqs. (67) (71) with
respect to bµν and σ. The remaining field equations can
be written as
19In this respect it is crucial that bµν multiplies the correctly
projected (P 1T )µν in eq. (71).
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τA∂
2cµν = 0 , βA∂
2wµ = 0 (75)
since nonvanishing sources for cµν and wµ can only arise
from the antisymmetric part of a generalized energy mo-
mentum tensor.
We can now compute the Newtonian limit by inserting
Tµν = ρδµ0δν0 and considering a time independent metric
with Newtonian potential
φ = −1
2
h00 = −1
2
(h
(1)
00 + h
(2)
00 ). (76)
For d = 4 one has (∆ = ∂i∂i)
−∆h(1)00 =
4ρ
3µ
, −∆h(2)00 = −
ρ
3µ
(
1− 3
2
βA
)−1
(77)
or
∆φ =
ρ
2µ
1− 2βA
1− 32βA
= 4πGNρ =
ρ
2M¯2
. (78)
This fixes Newton’s constant GN or the reduced Planck
mass M¯2 =M2p/8π as
M¯2 =
1− 32βA
1− 2βA µ. (79)
We will see below that βA has to be small such that M¯
2
is essentially given by µ. However, within Newtonian
gravity the couplings τA and βA are not constrained.
The linear approximation governs the emission, prop-
agation and detection of gravitational waves. Those are
described by h
(1)
µν = bµν . For example, the emission of
gravitational waves from pulsars is the same as in Ein-
stein gravity. However, the effective reduced Planck mass
extracted from the gravitational radiation of pulsars is
given by M¯2pulsar = µ (since A1 = 1). In view of the
tight limit for |βA| derived in sect. X the difference be-
tween the gravitational constant measured in Newtonian
gravity (79) and the one relevant for pulsars seems to be
too small in order to be observable.
Actually, if Γ is given by the one loop approximation
one finds that βA vanishes. Indeed, we may compute
Ωµνρ in the linearized approximation
Ωµνρ = −1
4
{
∂µhνρ + ∂µaνρ − (µ↔ ν)
}
= −1
4
{
∂µ(bνρ + cνρ)− ∂ν(bµρ + cµρ)
+
1
d− 1(ηνρ∂µσ − ηµρ∂νσ)
−∂ρ(∂µwν − ∂νwµ)
}
. (80)
The totally antisymmetric part therefore only involves
cνρ
Ω[µνρ] = −
1
2
∂[µcνρ]. (81)
We will see in sect. XIII that the modified Dirac operator
in our generalized gravity can be written in the form D =
DE+ 14Ω[µνρ]γµνρ(3) (151). Here DE can only depend on bνρ
and σ as a consequence of local Lorentz invariance. We
conclude that D does not depend on wµ. In consequence,
the one loop expression Tr lnD cannot lead to a term
∼ ∂2wµ∂2wµ in quadratic order. Comparison with eq.
(67) implies βA = 0.
VIII. ANOMALOUS SPIN INTERACTIONS AND
POST-NEWTONIAN GRAVITY
In this section we discuss the anomalous couplings of
gravitational degrees of freedom to the spin of fermions.
This is related to possible anomalous spin interactions
and the issue of post-Newtonian gravity beyond the linear
approximation. For our purpose we need information
about the coupling of the vielbein Emµ to spinor fields
ψ. From symmetry arguments [14] one expects that the
missing spin connection reflects itself in a modification of
the covariant spinor kinetic term
Lψ = iψ¯γµD(E)µ ψ + iσAΩ[µνρ]ψ¯γµνρ(3) ψ. (82)
Here the covariant derivativeD
(E)
µ is constructed as usual
and involves the standard spin connection constructed
from Emµ and its derivatives (see sect. XIII for details).
The anomalous term proportional to the coupling σA
reflects the violation of local Lorentz symmetry in the
spinor coupling. In the classical approximation to spinor
gravity one has σA = 1/4.
As mentioned already, the first term in eq. (82) only
couples to hµν . It gives the standard contribution of
fermionic particles to the symmetric energy momentum
tensor T µν(g) (24). In contrast, the anomalous second part
yields in the linear approximation
LA = − i
2
σA∂[µcνρ]ψ¯γ
µνρ
(3) ψ. (83)
Using partial integration one finds [13] that the coupling
of cνρ to the spinors
LA ∼ cνρ∂µ(ψ¯γ[µγνγρ]ψ)
∼ cνρǫνρµσ∂µSσ (84)
involves the density of the spin vector Sσ. (We recall
that there is no coupling to a
(2)
νρ .) In consequence, the ex-
change of cνρ induces a dipole-dipole interaction between
fermions with infinite range. However, its strength is only
gravitational ∼ µ−1 ∼ M¯−2 and therefore suppressed as
compared to the magnetic dipole interaction by a factor
∼ (me/M¯)2) ∼ 10−44 - many orders of magnitude too
small to be observable [26].
We conclude that we can safely neglect the anomalous
spinor coupling and concentrate on the symmetric energy
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momentum tensor T µν(g) . Indeed, as compared to Newto-
nian gravity the macroscopic spin forces are doubly sup-
pressed. First, the lack of spin coherence of macroscopic
bodies leads to suppression factors Stot ·m/Mtot for each
body involved. Here Stot is the total spin (in units of ~)
and Mtot the total mass of the body composed of parti-
cles with (average) massm. Second, a dipole-dipole force
decays very fast ∼ r−3.
We will next see that the particular form of the cou-
pling of cνρ to the spinor field also has important con-
sequences for post-Newtonian gravity. All effects from a
violation of the local Lorentz symmetry by the invariant
∼ τA are severely suppressed.
The expansion in weak gravitational fields can be ex-
tended beyond linear order. A general framework for the
effects beyond Newtonian gravity is given by the “Pa-
rameterized Post-Newtonian Formalism” (PPN) [27]. In
principle, one should perform a systematic computation
of all PPN parameters for the field equations following
from the effective gravitational action (3) without lo-
cal Lorentz-invariance. For weak gravitational fields the
higher order corrections are computed iteratively: one
uses the results of the linear approximation (cf. the pre-
ceeding two sections) in order to derive the field equa-
tions for the derivations of Emµ from the linear approxi-
mation. The PPN-formalism needs at most the next-to-
linear terms for some of the vielbein components. Devi-
ations from Einstein’s gravity therefore involve the cubic
couplings arising from the invariants ∼ τA and βA.
In the remainder of this section we show that for
βA = 0 the invariant τA gives precisely the same PPN-
results as Einstein’s gravity. The coupling τA is therefore
not constrained by any one of the tests of general relativ-
ity for weak fields (i.e. up to the order used for the PPN-
formalism). This demonstrates that local Lorentz sym-
metry is actually very poorly tested - an additional invari-
ant violating local Lorentz symmetry can be added and
remains essentially undetectable by present means! We
will not pursue a systematic PPN-discussion of the influ-
ence of the coupling βA since we believe that the strongest
constraints arise for isotropic gravitational fields which
will be discussed in complete nonlinear order in the next
sections.
For βA = 0 there is no disctinction between Einstein
gravity and our generalized gravity in the linear approxi-
mation provided T µν = T µν(g) . (We have shown above that
the neglection of the antisymmetric part of T µν is indeed
a very good approximation.) In particular, hµν takes
in the linear approximation the same values as for Ein-
stein’s gravity and aµν = 0. in principle, deviations on
the PPN level could arise if the invariant ∼ τA produces
cubic terms ∼ h3 or h2a. Then the field equations for the
corrections in next-to-linear order would have additional
source terms ∼ h2l where hl is the metric in linear order.
(Recall al = 0.) We will show that such cubic terms are
not present at the PPN level.
By straightforward algebraic manipulations one estab-
lishes that the invariant ∼ τA only involves the totally
antisymmetric part of Ωµνρ
I2 =
3
2
∫
ddxEΩ[µνρ]Ω[µνρ] (85)
Expanding Ω[µνρ] up to terms quadratic in h and a one
finds (∂[µaνρ] = ∂[µcνρ])
Ω[µνρ] = −
1
2
∂[µaνρ] −G[µνρ] + · · · (86)
with
Gµνρ =
1
8
(∂µhνσ)hρτη
στ (87)
The dots denote terms ∼ ah and a2 which are not rele-
vant for our purpose. The crucial point is that h appears
only in quadratic order in Ω[µνρ] and I2 therefore contains
no term ∼ h3. On the PPN level possible modification
can therefore only arise from
I
(3)
2 =
∫
ddxG[µνρ]∂[µcνρ] (88)
This term results in a gravitational source term for cνρ
which is ∼ h2l .
On the PPN-level the source ∼ ∂µG[µνρ] vanishes.
Since the source is already ∼ h2 we only need to take
into account the Newtonian part (hl)00. In this case one
infers G[µνρ] = 0 since an antisymmetrization over two
equal indices ν = ρ = 0 is involved. This concludes
our argument. Can one conceive future experiments that
could detect the field cνρ as a manifestation of the vi-
olation of local Lorentz symmetry for the case βA = 0?
The answer tends to be negative: it is simply very hard to
produce a macroscopic cνρ-field with observable strength.
And even if one would succeed the measurement would
require a probe with coherent spin.
IX. GENERAL ISOTROPIC STATIC SOLUTION
The comparison with Einstein gravity should, of
course, not be restricted to the linear approximation.
The two prominent examples where nonlinear effects play
a role are the Schwarzschild solution and cosmology.
They will be discussed in sects. IX - XI. In this section
we discuss the Schwarzschild solution for the generalized
gravity corresponding to the effective action (36) or (48).
For this purpose we describe the most general static solu-
tion of the nonlinear gravitational field equations under
the assumption of isotropy. Obviously, this goes beyond
Newtonian gravity and linearized gravity. In sect. X we
concentrate on d = 4 and compare our general solution
with the Schwarzschild solution in Einstein gravity. For
βA = 0 we find that the standard Schwarzschild solu-
tion is also a solution to the nonlinear field equation of
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our generalized gravity. The parameter τA therefore re-
mains unconstrained. On the other hand, for βA 6= 0 we
find a difference already in the lowest order of the post-
Newtonian expansion. Recent precision observations put
a severe bound on the parameter βA.
A rotation acts on the vielbein Emµ as a coordinate
rotation leaving r2 =
∑d−1
i=1 x
2
i invariant, accompanied by
a simultaneous suitable global Lorentz rotation acting on
the indexm. The most general rotation invariant vielbein
takes the form 20
E00 = f(r), E
j
0 = h(r)xj ,
E0i = g(r)xi, E
j
i = c(r)δij + k(r)xixj . (89)
We can rescale r = D(r′)r′ in order to fix c(r) = 1.
Similarly, a radius dependent rescaling of the clocks dt =
dt′ + rF (r)dr leaves dξm = Emµ dx
µ = E′mµ dx
′µ invariant
dξ0 = f(r)dt+ g(r)rdr
= f(r)dt′ +
(
f(r)F (r) + g(r)
)
rdr
= f(r)dt′ + g′(r)rdr ,
dξi = h(r)xidt+ dxi + k(r)rxidr
= h(r)xidt
′ + dxi +
(
k(r) + h(r)F (r)
)
rxidr
= h(r)xidt
′ + dxi + k
′(r)rxidr. (90)
With g′ = g + fF, k′ = k + hF we can use this freedom
in order to fix k as a function of f, g and h such that 21
gf = h(1 + r2k). (91)
With this coordinate choice we remain with three free
functions f(r), g(r) and h(r).
From eqs. (89) with (91) and c = 1 we can compute
the metric
g00 = −B(r) , g0i = 0 ,
gij = δij +
A(r) − 1
r2
xixj (92)
which corresponds for d = 4 to the line element of the
Schwarzschild metric in standard (polar) coordinates,
ds2 = −B(r)dt2 + A(r)dr2 + r2(dϑ2 + sin2ϑdϕ2). (93)
Here we have used eq. (91) in order to obtain g0i = 0.
The functions A(r), B(r) are related to f(r), g(r), h(r) by
B = f2 − r2h2 , A = 1− r2g2 + 2r2k + r4k2 = g
2
h2
B.
(94)
20There should be no confusion between f(r) and the gauge
degree of freedom f in sect. VI.
21A suitable function F exists provided r2h2 6= f2
We choose as the three independent functions A(r), B(r)
and h(r) with f =
√
B + r2h2, g =
√
A/B ·h and k(r) =
r−2(
√
A+ r2h2A/B − 1). We emphasize that we have
here one more free function h(r) in addition to the two
functions A(r), B(r) characterizing the metric. In case
of local Lorentz symmetry h(r) would correspond to a
gauge degree of freedom - here it is not.
Inserting the vielbein
E00 =
√
B + r2h2 , Ej0 = hxj ,
E0i = h
√
A/B xi ,
Eij = δij +
xixj
r2
(
√
A+ r2h2A/B − 1) (95)
we compute in appendix A the invariants
Y2,1 = Ω
m
µν Ω
µν
m
=
d− 2
2r2
(
1 +
1
A
− 2
√
B + r2h2
AB
)
+
1
8AB(B + r2h2)
[
B′2 + 4rB′h(h+ rh′)
− 4B(h+ rh′)2
]
(96)
and
Y2,2 =
1
2
(DµEmµ )(D
νEνm)
=
(d− 2)2
2r2
(√
B + r2h2
AB
− 1
)2
+
d− 2
2rAB
(
1−
√
AB
B + r2h2
)[
B′ + 2rh(h+ rh′)
]
+
1
8AB(B + r2h2)
[
B′ + 2rh(h+ rh′)
]2
− 1
2AB
[
(d− 1)h+ rh′]2. (97)
With E =
√
AB the effective action (48) becomes
Γ =
∫
ddx
√
AB{ǫ− δR[A,B] + ζY2,1 + ξY2,2}, (98)
where (cf. appendix A)
R[A,B] = − B
′′
AB
+
B′
2AB
(
A′
A
+
B′
B
)
+
d− 2
rA
(
A′
A
− B
′
B
)
+
(d− 3)(d− 2)
r2
(
1− 1
A
)
. (99)
Since our ansatz covers the most general rotation in-
variant static vielbein (up to coordinate transformations)
the field equations for this symmetric situation can be
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obtained by varying Γ with respect to A,B and h. For
small h we observe that Y2,1 and Y2,2 are quadratic in
h (or derivatives of h). The field equation δΓ/δh = 0
admits therefore always solutions with h = 0. In this
situation the remaining field equations for A and B can
be obtained by inserting h = 0 into Y2,1 and Y2,2
Y2,1(h = 0) =
d− 2
2r2
(
1−
√
1
A
)2
+
1
8A
(
B′
B
)2
,
Y2,2(h = 0) =
1
2
[
d− 2
r
(
1−
√
1
A
)
− 1
2
√
A
B′
B
]2
. (100)
X. MODIFICATION OF THE SCHWARZSCHILD
SOLUTION
In the following we concentrate on d = 4 where the
resulting effective action reads after partial integration
(ǫ = 0)
Γ[A,B] = 8πδ
∫
dtdr
√
AB
{
1
A
− 1− rA
′
A2
+ζ˜
[(
1− 1√
A
)2
+
r2
8A
(
B′
B
)2]
+2ξ˜
(
1− 1√
A
− r
4
√
A
B′
B
)2}
. (101)
The contributions ∼ ζ˜ = ζ/(2δ), ξ˜ = ξ/(2δ) do not van-
ish. For ζ˜ > 0, ξ˜ ≥ 0 they give a strictly positive con-
tribution to Γ whenever A 6= 1, B′ 6= 0, i.e. for all ge-
ometries which differ from a flat space-time. Standard
gravity is recovered for 22 ζ˜ = ξ˜ = 0 and leads to the
well known Schwarzschild solution B = A−1 = 1 − rs/r
with Schwarzschild radius rs = 2mGN related to the to-
tal mass m of the object.
The spherically symmetric static field equations obtain
by variation of Γ[A,B] with respect to A and B. Equiva-
lently, we may express 23 Γ in terms of two new functions
α(ρ), β(ρ) and a rescaled radial coordinate ρ
α = A−1/2 , β = lnB , ρ = ln(r/rs) (102)
as
Γ[α, β] = 8πδrs
∫
dtdρeρe
β
2
{
α− 1
α
+ 2α˙
22This condition is sufficient but not necessary.
23There should be no confusion of β(ρ) and the coupling
constant βA in the effective action (36) .
+ζ˜
[
(1− α)2
α
+
α
8
β˙2
]
+
2ξ˜
α
(
1− α− α
4
β˙
)2}
. (103)
Here a dot denotes a derivative with respect to ρ. The
field equation from the variation with respect to β reads
α2 − 1 + 2α˙α =
− ζ˜
{
(1 − α)2 − 1
8
α2β˙2 − 1
2
α2(β˙ + β¨)− 1
2
αα˙β˙
}
+ ξ˜
{
2αα˙+
1
2
α(α˙β˙ + αβ¨)
−
(
2 +
1
2
αβ˙
)(
1− α− αβ˙
4
)}
(104)
and from the variation with respect to α we obtain
1− 1
α2
+ β˙ =
ζ˜
(
1− 1
α2
+
β˙2
8
)
+ 2ξ˜


(
1 +
β˙
4
)2
− 1
α2

 . (105)
We may first recover the usual Schwarzschild solution
for ζ˜ = ξ˜ = 0 where
∂α2
∂ρ
= 1− α2 , ∂β
∂ρ
=
1
α2
− 1 (106)
implies the solution 24
α2 = eβ = 1− e−ρ , 1
A
= B = 1− rs
r
. (107)
For general ζ˜, ξ˜ we make for large ρ the ansatz
α2 = 1− γe−σρ , lnβ = 1− e−σρ. (108)
Dropping terms∼ e−2σρ or smaller eqs. (104)(105) result
in
γ − γσ + 1
2
ζ˜(σ − σ2) + ξ˜
(
γσ − γ + σ
2
− σ
2
2
)
= 0,
γ − σ − ζ˜γ − ξ˜(2γ − σ) = 0 (109)
with solution
σ = 1 ,
γ =
1− ξ˜
1− ζ˜ − 2ξ˜ =
(
1− ζ˜ + ξ˜
1− ξ˜
)−1
=
1− βA
1− 2βA . (110)
24The two integration constants of the general solution of
eq. (106) are an additive constant in ρ which is absorbed in
rs and a multiplicative constant in B which can be set to one
by appropriate time rescaling.
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One finds for r ≫ rs a behavior similar as for a Jordan-
Brans-Dicke [18] theory
B = 1− rs
r
, A−1 = 1− γ rs
r
. (111)
As expected, Newtonian gravity (encoded in B(r)) re-
mains unaffected. On the other hand, post-Newtonian
gravity is modified. Strong observational bounds from
the solar system imply that γ must be very close to one
[19]
γ − 1 ≈ βA ≈ ζ˜ + ξ˜ = (2.1± 2.3)10−5. (112)
This seems to be the most stringent bound on the pa-
rameter βA.
For βA = 0, as suggested by the one loop approxima-
tion, one has γ = 1 and there is no correction to low-
est order post-Newtonian gravity. This extends to the
full Schwarzschild solution. Indeed, for ξ˜ = −ζ˜ the field
equations (104) (105) reduce to the standard field equa-
tions (106) for arbitrary values of τA. For βA = 0 the
spherically symmetric static solution does not distinguish
between our version of generalized gravity and Einstein
gravity!
Finally, we observe that for βA 6= 0 the full solution can
be found numerically whereby the initial value problem
has one more free integration constant since eq. (104)
also involves β¨A(ρ). It would be interesting to investigate
if this has an effect on the singularity. Furthermore, the
solutions with h = 0 are not the only candidates for the
description of the gravitational effects of massive bodies.
One may explore a behavior for r ≫ rs where
h(r) = ηr1/2s r
−3/2. (113)
We postpone the analysis of such modified solutions to a
future investigation.
XI. HOMOGENEOUS ISOTROPIC COSMOLOGY
In this section we investigate cosmologies with a ho-
mogeneous and isotropic metric and a flat spatial hyper-
surface, i.e. a situation where the Killing vectors of the
(three) spatial translations commute. Again, this tests
our generalized gravity beyond the linear approximation.
The most general vielbein consistent with these symme-
tries can be brought to the form
E00 = 1 , E
i
0 = 0 , E
0
i = 0 , E
j
i = a(t)δ
j
i . (114)
Here a(t) is the usual scale factor which is related to the
Hubble parameter by H(t) = a˙(t)/a(t). We concentrate
on three space and one time dimensions, d = 4. The non-
vanishing components of the metric and affine connection
read
g00 = −1 , gij = a2(t)δij (115)
and
Γ 0ij = Hgij , Γ
j
0i = Hδ
j
i . (116)
They result in a curvature scalar
R = 12H2 + 6H˙. (117)
(In this section dots denote time derivatives.) The only
independent nonvanishing components of Ω mµν are
Ω ji0 = −Ω j0i =
1
2
a˙δji (118)
and therefore
Y2,1 = Ω
m
µν Ω
µν
m = −
3
2
H2. (119)
With
DµE0µ = −3H , DµEiµ = 0 (120)
the second invariant becomes
Y2,2 =
1
2
DµEmµ D
νEνm = −9
2
H2. (121)
Since we consider the most general vielbein consistent
with the symmetries we can again derive the relevant field
equation by variation of an effective action with respect
to a
Γ[a] = 2δ
∫
d4x a3
{
−R
2
+ ζ˜Y2,1 + ξ˜Y2,2
}
+∆Γ. (122)
Here ∆Γ accounts for an energy-momentum tensor
of matter Tµν which has the usual coupling to the
metric. From δ∆Γ/δa = (δ∆Γ/δgij)(δgij/δa) =
(
√
ggijp/2)(−2a−3δij) = −3pa2 one finds formally
∆Γ = −
∫
d4x p a3. (123)
By partial integration one has
Γ[a] = 2δ
∫
d4x
{
aa˙2
(
3− 3
2
ζ˜ − 9
2
ξ˜
)
− p
2δ
a3
}
(124)
and we infer the field equation from δ(Γ + ∆Γ)/δa = 0,
i.e.
−(3a˙2 + 6aa¨)
(
1− 1
2
ζ˜ − 3
2
ξ˜
)
=
3
2δ
pa2 (125)
or
2H˙ + 3H2 = −
(
1− 1
2
ζ˜ − 3
2
ξ˜
)−1
p
2δ
. (126)
Combining eq. (126) with energy momentum conserva-
tion, ρ˙+ 3H(ρ+ p), this yields the standard Friedmann
cosmology. Of course, these equations can also be derived
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by inserting the ansatz (114) into the field equation (50),
cf. appendix A.
The only difference from Einstein gravity turns out to
be the different value of the Planck mass which can be
extracted from cosmological observations as compared to
the one inferred from local gravity measurements. De-
noting the reduced Planck mass for cosmological obser-
vations by
M¯2c = 2δ −
1
2
ζ − 3
2
ξ =
(
1− 3
2
βA
)
µ (127)
and comparing with Newtonian gravity (79) we infer the
ratio
M¯2c
M¯2
= 1− 2βA. (128)
This affects quantitative cosmology like nucleosynthesis
or the CMB. In view of the severe bound on βA from
post-Newtonian gravity derived in the preceeding section
these effects are very small, however. For βA = 0 we re-
cover precisely the standard Friedmann cosmology. Of
course, this could be modified by a cosmological con-
stant or other degrees of freedom not contained in Emµ .
In particular, we note that the classical action (12) is di-
latation invariant whereas the quantum effects induce a
dilatation anomaly. For a suitable form of the anomaly
this could lead to quintessence [20], [21].
XII. PARTIAL BOSONIZATION
Our aim is a computation of Γ[Emµ ] for the action (12).
An explicit solution of the functional integral (17) seems
out of reach and we have to proceed to approximations.
There is no obvious small parameter in the problem since
the parameter α can be rescaled to an arbitrary value by
a rescaling of ψ. Non-perturbative approximations will
be hard to control but they should give at least an insight
into the qualitative structure.
A convenient tool in our context is partial bosoniza-
tion. This method reformulates the fermionic functional
integral (17) into an equivalent functional integral involv-
ing both bosonic and fermionic degrees of freedom. In
this formulation the dynamical role of the fluctuations in
the “gravitational degrees of freedom” will become ap-
parent. The reformulation is achieved [28–31] by use of
a functional integral over fermions ψ and bosons χˆmµ , i.e.
W ′[J ] = ln
∫
DψDχˆnν exp
{∫
ddx
[
α det(E˜mµ − χˆmµ )
−α det(E˜mµ ) + Jµmχˆmµ
]}
. (129)
We show in appendix B that the free energy W is
equivalent to the one of the original theory (17) up to
a local polynomial in det(Jµm)
W ′[J ] =W [J ] +
∫
ddxF
(
detJµm(x)
)
. (130)
Performing derivatives of W with respect to J at J = 0
one obtains the connected correlation functions for com-
posite fermion bilinears E˜mµ . We see that all connected
correlation functions involving less than d powers of E˜mµ
are equal for the new “partially bosonized” functional in-
tegral and the original theory. (The fermionic correlation
functions are equal anyhow.) In particular, the expecta-
tion value 〈E˜mµ 〉 and the two point function can equally
well be computed in the partially bosonized setting. The
first difference appears in the connected correlation func-
tion for d powers of E˜mµ . These differences in the high
order correlation functions are not relevant for our dis-
cussion and we will omit the prime on W from now on,
treating the partially bosonized theory as an equivalent
version of the original fermionic theory.
It is apparent from eqs. (18) (129) that the expectation
value of χˆmµ is given by the vielbein or fermion bilinear
〈χˆmµ 〉 = Emµ =
i
2
〈ψ¯γm∂µψ − ∂µψ¯γmψ〉. (131)
Using the definition of the effective action (19) and per-
forming a variable shift χˆmµ = E
m
µ + χ
m
µ one obtains a
convenient implicit functional integral expression
Γ[Emµ ] = − ln
∫
DψDχnν
exp
{∫
ddx
[
α det(E˜mµ − Emµ − χmµ )
−αdet(E˜mµ ) + Jµmχmµ
]}
(132)
where Jµm is given by eq. (20).
The classical approximation to Γ neglects all fluctua-
tion effects and simply reads
Γcl = α˜
∫
ddxE , E = det(Emµ ). (133)
One easily infers the classical field equation (20)
α˜
(d− 1)!ǫ
µ1...µdǫm1...mdE
m2
µ2 · · ·Emdµd = Jµ1m1 . (134)
Whenever E 6= 0 we may introduce the inverse vielbein
Eµm obeying the relations (30). For nonzero E the clas-
sical field equation therefore becomes
α˜EEµm = J
µ
m. (135)
We can use this form in order to show that the field
equation (135) has for Jµm → 0 only solutions with
E = 0. (136)
Indeed, the classical field equation (135) implies that a
nonzero finite value of E is in contradiction with Jµm = 0.
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Of course, E = 0 does not require Emµ = 0. For example,
a possible solution is (D¯ < d− 1))
Emµ =
{
δmµ for µ = 0 . . . D¯ , m = 0 . . . D¯
0 otherwise
(137)
For D¯ = 3 this would describe a flat four-dimensional
space-time geometry which we may associate with
Minkowski space later. The remaining d − 4 dimensions
would not admit a metric description, however. We also
observe a large degeneracy of possible classical solutions.
Finally, in presence of a nonvanishing energy momentum
tensor (21) the classical solution reads (for E 6= 0)
α˜gµν = Tµν . (138)
XIII. GENERALIZED DIRAC OPERATOR
AND LOOP EXPANSION
This situation is expected to change drastically once
the fluctuation effects are included. A simple approx-
imation includes only the fermionic fluctuations in one
loop order. For this purpose we put χmµ = 0 in eq. (132)
and expand
det(E˜mµ − Emµ ) = (−1)dE
(
1− EµmE˜mµ + 0(E˜2)
)
. (139)
This yields the quadratic term in ψ,
S(2) = −
iα˜
2
∫
ddxE(ψ¯γmEµm∂µψ − ∂µψ¯Eµmγmψ) (140)
and the one loop expression
Γ = α˜
∫
ddxE + Γ(1l) ,
Γ(1l) = − ln
∫
Dψ exp
{−S(2)[ψ,Emµ ]} . (141)
The Gaussian Grassmann integration for the fermionic
one loop contribution can be evaluated explicitely. We
concentrate here on Majorana spinors 25 where ψ¯ and ψ
are identified (up to the matrix C)
Γ(1l) = −
1
2
ln detS
(2)
F (142)
with
S
(2)
F = −2iα˜C
[
Eγµ∂µ +
1
2
∂µ(Eγ
µ)
]
(143)
25For Dirac spinors the relevant operator S
(2)
F turns out to
be the same [17], but there is no factor 1/2 in (142). Also the
matrix C is absent. This plays no role since detC = 1.
where
γµ = Eµmγ
m. (144)
Up to irrelevant constants we can also write
Γ(1l) = −
1
2
Tr ln(ED) , (145)
D = γµ∂µ + 1
2E
γm∂µ(EE
µ
m) = γ
µDˆµ. (146)
We call D the generalized Dirac operator and observe the
appearance of a “covariant derivative”
Dˆµ = ∂µ +
1
2E
Emµ ∂ν(EE
ν
m). (147)
(For Weyl spinors one should either multiply D by an
appropriate projection operator (1+ γ¯)/2 or work within
a reduced space of spinor indices, using Cγm instead of
γm since only Cγm acts in the reduced space.) The con-
tribution from the derivative acting on the vielbein can
also be written in the form
D = γm(Eµm∂µ − Ωm) , Ωm = −
1
2E
∂µ(EE
µ
m). (148)
It is instructive to compare the generalized Dirac oper-
ator D with the corresponding operator DE in Einstein-
gravity. The latter is constructed from the Lorentz co-
variant derivative Dµ which appears in the spinor kinetic
term (Majorana spinors)
iψ¯γµDµψ = iψ¯γ
meµm
(
∂µ − 1
2
ωµnpΣ
np
)
ψ = iψ¯DEψ
= iψ¯γµ∂µψ − i
4
Ω[mnp]ψ¯γ
mnp
(3) ψ. (149)
Here γmnp(3) is the totally antisymmetrized product of
three γ-matrices γmnp(3) = γ
[mγnγp] and Ω[mnp] corre-
sponds to the total antisymmetrization of
Ωmnp = −1
2
eµme
ν
n(∂µeνp − ∂νeµp). (150)
Replacing emµ by E
m
µ one finds
D = DE [E] + 1
4
Ω[mnp][E]γ
mnp
(3) . (151)
For the fermionic loop contribution the only difference
between spinor gravity and standard gravity concerns the
totally antisymmetric piece ∼ Ω[mnp]!
Neglecting the piece ∼ Ω[mnp] the first contribution
DE [Emµ ] is covariant with respect to both general co-
ordinate and local Lorentz transformations. Replacing
D → DE in the integral (145) will therefore lead to
a one loop effective action Γ1l with these symmetries.
This is a gravitational effective action of the standard
type. Expanded in the number of derivatives one will
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find the curvature scalar plus higher derivative invari-
ants like R2, RµνR
µν etc. However, the additional piece
∼ Ω[mnp][Emµ ] violates the local Lorentz symmetry and
only preserves a global Lorentz symmetry. We therefore
expect the appearance of new terms in the effective action
which are invariant under global but not local Lorentz-
rotations. According to eq. (151) all additional terms
must involve Ω[mnp] or derivatives thereof. They vanish
for Ω[mnp] = 0. As discussed at the end of sect. VII the
linear approximation to Ω[mnp] only involves cνρ and we
can conclude that βA = 0. This concerns precisely the
“dangerous term” restricted by observation (112). We
conclude that one loop spinor gravity is consistent with
all tests of general relativity.
This simple argument can be confirmed by an explicit
computation [13]. The overall coefficient µ in the effective
action (36), as well as ǫ, depends on the precise choice of
the regularization. In contrast, the relative coefficients τA
and βA are regularization-independent and characterized
by the de Witt coefficients [9], [32] of the generalized
Dirac operator. One obtains [6,13]
τA = 3 , βA = 0. (152)
We finally observe that the trace in eq. (145) involves
a trace over spinor indices as well as an integration over
space coordinates or, equivalently, a momentum inte-
gral in Fourier space. As it stands, these integrations
are highly divergent in the ultraviolet and the integral
(145) needs a suitable regularization. This regularization
should preserve the invariance under general coordinate
transformations. If possible, it should also preserve the
global Lorentz symmetry. However, there may be ob-
structions in the form of “gravitational anomalies” [24]
for d = 6 mod 4. At present it is not known if such
anomalies occur in spinor gravity. For the time being
we neglect this possible complication and assume global
Lorentz symmetry of the effective action.
We do not claim quantitative accuracy for our one loop
evaluation of the bosonic effective action. In particular,
the value of the coefficient τA may be affected by higher
loop orders. Also dimensional reduction from a higher
dimensional spinor gravity theory will affect the effective
four dimensional value of τA. In contrast, our finding
βA = 0 may be more robust. First of all, one may per-
form a similar computation [14] by the solution of the
Schwinger-Dyson equation (without using partial boson-
isation). In lowest order, the nontrivial contribution to Γ
will again be characterized by eq. (145) while the coeffi-
cient of the “classical contribution” (133) will be modified
[22]. More generally, all higher orders in the evaluation
of Γ using the Schwinger Dyson approach will involve
powers of the exact fermionic propagator in the “back-
ground” of a vielbein Emµ [22]. One may expand the exact
inverse fermionic propagator Γ
(2)
F (the generalization of
S
(2)
F (143) up to terms linear and quadratic in ∂µE
m
ν . If
the corresponding operator D (the generalization of eq.
(151)) does not contain the linear field wµ (64) we can
conclude that βA vanishes to all orders. First investiga-
tions [14] suggest that such a property could be related
to a hidden nonlinear symmetry. As an interesting alter-
native, βA = 0 could be associated to an infrared stable
partial fixed point in the flow of generalized couplings.
XIV. CONCLUSIONS
In [13] and this paper we have formulated a proposal
for a unified theory based only on spinor fields. We in-
sist on a well defined action which is a polynomial in the
spinor Grassmann field. The action is invariant under
general coordinate and global Lorentz transformations,
whereas local Lorentz symmetry may be violated. Within
spinor gravity the vielbein is not a fundamental field but
rather arises as a composite object or bound state. It
is described by the expectation value of a fermion bilin-
ear. The metric can be formed as usual from the product
of two vielbeins. As a consequence of the missing local
Lorentz symmetry the vielbein contains, however, new
physical degrees of freedom not described by the metric.
This leads to a version of generalized gravity with global
instead of local Lorentz symmetry. We discuss in detail
the observational consequences of such a generalization.
In particular, we find that the form suggested by the one
loop approximation to spinor gravity is compatible with
all present tests of general relativity. We conclude that
the local character of the Lorentz symmetry is tested only
very partially by observations.
Can spinor gravity serve as a candidate for a fun-
damental theory of all interactions? Several important
steps have to be taken before this question can be an-
swered. First of all, only a well defined and diffeomor-
phism invariant regularization procedure for the func-
tional measure would make the expectation values of
fermion bilinears explicitely calculable. Second, the most
general form of the classical action admits many inde-
pendent polynomials which are invariant with respect to
diffeomorphisms and global Lorentz rotations. At this
stage the corresponding dimensionless couplings remain
undetermined. A predictive unified theory would have
to select a particular point in the high dimensional space
of possible couplings. One possibility is that this par-
ticular point is associated to an enhanced symmetry [7].
As an interesting alternative, the renormalization flow of
the couplings could reveal a fixed point which would ren-
der spinor gravity renormalizable. If such a fixed point
exists, the number of relevant (or marginal) parameters
at the fixed point would determine the number of free
parameters entering the predictions for physical quanti-
ties. If there is only one relevant direction it could be
associated to the overall mass scale of the theory by di-
mensional transmutation. In such a case no free dimen-
sionless coupling would remain and spinor gravity would
become completely predictive. Only the number of di-
mensions would influence the outcome of a calculation
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of fermion bilinears like the vielbein. Third, it remains
to be shown that spinor gravity formulated in a suitable
dimension d > 4 admits an interesting ground state with
a small characteristic length scale for the d − 4 internal
dimensions and a large scale for the observed dimensions.
The isometries of this ground state should be the gauge
group SU(3) x SU(2) x U(1) of the standard model (up
to tiny effects of electroweak symmetry breaking) and
the chirality index should account for three generations
of quarks and leptons. Obviously, the way towards such
a goal is still long, but, we believe, worthwhile pursuing.
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APPENDIX A: FIELD EQUATIONS
In this appendix we give details for the field equations
of generalized gravity which are used in the main text.
We use the form (48) for the effective action. In order to
derive the field equations for the effective action (48) we
expand the inverse vielbein in linear order
Eµm = E¯
µ
m + δE
µ
m . (A.1)
For the vielbein, metric and determinant this implies
Enν = E¯
n
ν − E¯mν E¯nµδE µm
gµν = g¯µν + E¯mνδE µm + E¯
mµδE νm ,
E = E¯(1 − E¯mµ δE µm ). (A.2)
Omitting from now on the bars, the first variation of the
invariants reads
δ(ǫΓ0 − δ¯Γ2,R) = −
∫
ddxE{δ¯(2Rmµ −REmµ )
+ǫEmµ }δE µm (A.3)
and
δΓ2,1 =
∫
ddxE{4Ω nµν Ωmνn
+2(DνΩ
ρν
n)E
m
ρ E
n
µ
−Ω nνρ Ωνρ nEmµ }δE µm , (A.4)
δΓ2,2 =
∫
ddxE{Eρn∂ρ(DνEnν )Emµ
−∂µ(DνEmν )
+
1
2
DνEnνDρE
ρ
nE
m
µ }δE µm . (A.5)
We therefore obtain the field equation from δΓ/δE µm = 0
as
δ¯(2Rmµ −REmµ ) + ǫEmµ = (A.6)
ζ{4Ω nµν Ωmνn + 2(DνΩρν n)Emρ Enµ − Ω nνρ Ωνρ nEmµ }
+ξ{Eρn∂ρ(DνEnν )Emµ − ∂µ(DνEmν ) +
1
2
DνEnνDρE
ρ
nE
m
µ }.
By multiplication with Eνm we can bring this into the
form of a modified Einstein equation
2δ¯
(
Rµν − 1
2
Rgµν
)
= −ǫgµν (A.7)
+ζ{4ΩµρmΩ ρmν − 2(DρΩρνm)Emµ − Ω mσρ Ωσρmgµν}
+ξ{Eσm∂σ(DρEmρ )gµν − ∂µ(DρEmρ )Eνm
+
1
2
DσEmσ D
ρEρmgµν}.
This yields the field equation (50) for generalized gravity.
We next want to specialize to the general static and
isotropic ansatz (95) of sects. IX, X. We first compute
the tensor Ω mµν = − 12 (∂µEmν − ∂νEmµ ). With Ω m0i =
1
2∂iE
m
0 one finds
Ω 00i =
xi
2r
f ′ , Ω j0i =
h
2
δij + h
′xixj
2r
. (A.8)
Similarly, we obtain
Ω 0ki = 0 , Ω
j
ki = −
k
2
(δjkxi − δjixk). (A.9)
For the invariant Γ2,1 we calculate Y2,1 which yields eq.
(96):
Y2,1 = Ω
m
µν Ω
µν
m = g
ij{Ω nik Ω njl gkl
−2Ω 00i Ω 00j g00 + 2Ω k0i Ω k0j g00}
=
k2
2
{
(gijδij)(g
klxkxl)− gijgjkxixk
}
+
h2
2
g00(gijδij)
+
1
2
(
h′2 +
2hh′
r
− f
′2
r2
)
g00(gklxkxl)
=
d− 2
2
(
k2r2
A
− h
2
B
)
− 1
2AB
[
(h+ rh′)2 − f ′2]
=
d− 2
2r2
(
1 +
1
A
− 2
√
B + r2h2
AB
)
+
1
8AB(B + r2h2)
[
B′2 + 4rB′h(h+ rh′)
−4B(h+ rh′)2] . (A.10)
Here we use
g00 = − 1
B(r)
, gij = δij − A(r) − 1
A(r)r2
xixj (A.11)
and
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gijδij = d− 2 + 1
A
, gklxkxl =
r2
A
,
gijgjk = δik − A
2 − 1
A2r2
xixk ,
gijgjkxixk =
r2
A2
. (A.12)
In order to evaluate the invariant Γ2,2 we need
D˜µEmµ = g
µν(∂µE
m
ν − Γ λµν Emλ )
=
(
δij − A− 1
Ar2
xixj
)
∂iE
m
j − Γ µiµ Emi . (A.13)
Here we have employed the explicit form of the connec-
tion in our cartesian coordinates
Γ 000 = 0 , Γ
i
00 =
B′
2rA
xi , Γ
0
0i =
B′
2rB
xi , (A.14)
Γ 0ij = 0 , Γ
j
i0 = 0 ,
Γ kij =
A− 1
Ar2
(
δijxk − xixjxk
r2
)
+
A′
2r3A
xixjxk ,
Γ µ0µ = 0 ,
Γ µiµ =
{
(d− 2)A− 1
Ar2
+
(
A′
A
− B
′
B
)
1
2rA
}
xi.
This yields
DµE0µ =
1√
AB
[
(d− 1)h+ rh′] , (A.15)
DµEkµ = xk
{
d− 2
r2
(√
B + r2h2
AB
− 1
)
+
1
2r
√
AB
√
B + r2h2
[
B′ + 2rh(h+ rh′)
]}
and we infer the invariant Y2,2 in eq. (97).
We can also compute the components of the tensor Tˆµν
in the field equation (50), (51),
Tˆµν = ζTˆ
(1)
µν + ξTˆ
(2)
µν (A.16)
One finds for h = 0 and d = 4
Tˆ
(1)
00 = −
B′
Ar
+
A′B′
4A2
+
B′2
8AB
− B
′′
2A
+
B
r2
(
1− 1√
A
)2
.
(A.17)
Combining this with the corresponding expressions for
Tˆ
(1)
ij , Tˆ
(2)
00 and Tˆ
(2)
ij one may compute the isotropic field
equations in a formally more direct but computationally
more cumbersome way as compared to sect. X. For this
purpose we also need
R00 =
d− 2
2
B′
rA
+
B′′
2A
− A
′B′
4A2
− B
′2
4AB
,
Rij = δij
{
A′
2rA2
− B
′
2rAB
+ (d− 3)A− 1
Ar2
}
+
xixj
r2
{
B′2
4B2
+
B′A′
4AB
− B
′′
2B
+
B′
2rAB
+
(
d− 2− 1
A
)
A′
2rA
− (d− 3)A− 1
Ar2
}
,
R0i = 0 (A.18)
and
R = − B
′′
AB
+
B′
2AB
(
A′
A
+
B′
B
)
+
d− 2
rA
(
A′
A
− B
′
B
)
+(d− 3)(d− 2)A− 1
Ar2
. (A.19)
Let us finally turn to the computation of the field equa-
tion relevant for cosmology, with the ansatz (114) for the
vielbein. For a computation of Tˆµν we need the compo-
nents of Emµ DρΩ
ρ
νm, i.e.
Em0 DρΩ
ρ
0m = 0 , DρΩ
ρ
0i = DρΩ
ρ
i0 = 0 ,
Emj DρΩ
ρ
im =
1
2
a2(H˙ + 2H2)δij (A.20)
and ΩµρmΩ
ρm
ν , i.e.
Ω0ρmΩ
ρm
0 =
3
4
H2 , Ω0ρmΩ
ρm
i = 0,
ΩiρmΩ
ρm
j = −
1
4
H2a2δij . (A.21)
We may also use
Eσm∂σ(D
ρEmρ ) = −3H˙. (A.22)
This yields
Tˆ00 =
3
2
(ζ + 3ξ)H2 ,
Tˆij = −1
2
(ζ + 3ξ)(2H˙ + 3H2)gij . (A.23)
With
R00 − 1
2
Rg00 = 3H
2 ,
Rij − 1
2
Rgij = −(3H2 + 2H˙)gij (A.24)
one finally finds
(3H2 + 2H˙)
(
1− ζ˜
2
− 3ξ˜
2
)
= − p
2δ
,
3H2
(
1− ζ˜
2
− 3ξ˜
2
)
=
ρ
2δ
. (A.25)
The first equation coincides with eq. (126) whereas
the combination of both equations ensures the energy-
momentum conservation of matter
ρ˙ = −3H(ρ+ p). (A.26)
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APPENDIX B: FUNCTIONAL IDENTITY FOR
PARTIAL BOSONIZATION
In this appendix we derive the partially bosonized
functional integral (129). For this purpose we use the
identity (recall E˜mµ = i(ψ¯γ
m∂µψ − ∂µψ¯γmψ)/2)∫
Dχˆnν exp
∫
ddx{α det(E˜mµ − χˆmµ )− Jµm(E˜mµ − χˆmµ )}
= exp
∫
ddxV˜
(
Jµm(x)
)
(B.1)
with
V˜ (Jµm) = ln
∫
dχ˜nν exp[−α˜ det(χ˜mµ ) + Jµmχ˜mµ ] (B.2)
an even function of Jµm for d even and α˜ = (−1)d+1α.
(We omit the irrelevant additive constant for J =
0). Furthermore, V˜ is invariant under global Lorentz-
transformations of Jµm. More generally, V˜ remains in-
variant under all special linear transformations acting on
the d x d matrix J from the left or right. (This follows
from the invariance of the integral (B.2) under accompa-
nying (inverse) special linear transformations acting on
the integration variable χ˜.) Therefore V˜ can only be a
function of the determinant det(Jµm). The definition of
the integral (B.2) may be somewhat formal (even after
subtraction of the value for J = 0) since det(χ˜mµ ) has
positive and negative eigenvalues. (Note that α˜ is imagi-
nary for a Minkowski signature.) We assume that it can
be suitably regularized such that V˜ is analytic in J . We
then conclude that V˜ is an analytic function of det(Jµm),
V˜ (Jµm) = F
(
det(Jµm)
)
= β1 det(J
µ
m) + β2
(
det(Jµm)
)2
+ . . . (B.3)
The relation (130) is now easily obtained by performing
in eq. (129) the functional integral over χˆmµ using eq.
(B.1).
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